The low-temperature normal-state specific heat and resistivity curves of various nonmagnetic intermetallic compounds manifest an anomalous thermal evolution. Such an anomaly is exhibited as a break in the slope of the linearized C/T versus T 2 curve and as a drop in the R versus T curve, both at the same T βγ . It is related, not to a thermodynamic phase transition, but to a Kohn-type anomaly in the density of states curves of the phonon or electron subsystems. On representing these two anomalies as additional Dirac-type delta functions, situated respectively at kBθL and kBθE, an analytical expression for the total specific heat can be obtained. A least-square fit of this expression to experimental specific heat curves of various compounds reproduced satisfactorily all the features of the anomalous thermal evolution. The obtained fit parameters (in particular the Sommerfeld constant γ0 and Debye temperatures θD) compare favorably with the reported values. Furthermore, the analysis shows that (i) T βγ /θL = 0.2 1 ± 1/ √ 6 and (ii) γ0 ∝ θ −2 D ; both relations are in reasonable agreement with the experiments. Finally, our analysis (based on the above arguments) justifies the often-used analysis that treats the above anomaly in terms of either a thermal variation of θD or an additional Einstein mode.
I. INTRODUCTION
The low-temperature, normal-state specific heat of a nonmagnetic intermetallic is usually described in term of a sum of lattice, C L , and electronic, C E , contributions.
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The former is commonly approximated by the Debye model (C L = βT 3 for T << θ D ; θ D is the Debye temperature) while the latter by the Sommerfeld model (C E = γT for T << θ F ; θ F is the Fermi temperature). Considering that at liquid helium temperatures these two inequalities are strictly satisfied, then any simultaneous changes in β and γ would signal a related variation in the spectral features of the phonon or electron subsystem. Surprisingly, this very βγ-change is evident as a break in the slope of the normal-state C/T versus T 2 curve, a break that separates two distinct linearized sections; these linearly extrapolated upper and lower sections intersect at T βγ which is taken to be a measure of the energy of this event.
Varieties of materials exhibit this βγ-change: examples include group V transition metals V, Nb and Ta ( Fig. 1) 2-5 the Chevrel phases PbMo 6 X 8 (X=S, Se), 6, 7 the A12-type Re 3 W, 8 the A15-type Nb 3 Sn and V 3 Si (Fig.  2) , 9,10 the layered NbSe 2 , 11 the perovskite MgCNi 3 ( Fig.  3) , 12 the borocarbides RNi 2 B 2 C (R=Y, La, Lu) (Fig.  4) , [13] [14] [15] [16] Li 2 (Pd 1−x Pt x ) 3 B (x=0, 0.5, 1) (Fig. 5 ), 17 and Li x RhB 1.5 (x= 0.8, 1.0, 1.2). 18 In particular, for Nb 3 Sn, this βγ-change was shown to be required by the condition of entropy balance.
9,10
Generally, the analysis of the normal-state specific heat is undertaken so as to obtain θ D from β and N (E F ) from γ [N (E F ) is the density of states at the Fermi level, E F ], then it is not surprising that such a βγ-anomaly did not attract much attention; rather it is considered as an undesirable complication that hinders the precise evaluation of θ D and N (E F ). In spite of this back- 
FIG. 1: C/T versus T
2 curves of (a) V, 5 (b) Nb (H = 1.15 T ), 4, 5 (c) Ta. 5 . Lines are fits to Eq. 8 with parameters as given in Table I . For (b) the solid line is a fit to the data (circles) of Da Silva et al. 4 while the dashed line to those (stars) of Leupold et al. 5 ground, some dedicated investigations were carried out even though no common agreements on the interpretation were reached. [2] [3] [4] [5] 9, 10, 19, 20 Nevertheless, there was a consensus about the following common features.
First, the manifestation of a βγ-change is evident in various compounds such as normal intermetallics as well as the normal-state of type II superconductors: each compound differs strongly from the others in its crystal structure, chemical composition, electronic properties, and the type of superconductivity (whether conventional or unconventional). As a result, there are strong differences in T βγ , in the strength of the event, and in 10 Lines are fits to Eq. 8 with parameters as given in Table I . The βγ-change of Nb3Sn and V3Si is strongly related to the martensitic transformation, which reduces the cubic symmetry of the structure into a low-symmetry one.
10 the curvature at T βγ (see e.g. Figs. 2)].
Second, β and γ are strongly correlated (the electronic and phonic degrees of freedom are strongly coupled) and that the trend of this correlation is not arbitrary: apparently, for the two linearized sections, if γ low < γ high then β low > β high and vice versa.
Third, none of the C/T versus T 2 curves exhibits a discontinuity or a hysteresis effect at T βγ .
Fourth, in spite of the above-mentioned differences, there are, at least, two ingredients common to most of the studied materials: a relatively strong electronphonon coupling and a lifting of spin-degeneracy at E F , say, by an applied magnetic field (as in, e.g., conventional superconductors) or by an anisotropic spin orbit coupling ASOC interaction (as in, e.g., non-centrosymmetric Li 2 (Pd 1−x Pt x ) 3 B and Li x RhB 1.5 superconductors). Curiously, although H (> H c2 ) is necessary for the quench of the superconductivity and for the lift of spin degeneracy, it has no influence on T βγ , β or γ.
9,10,13-15 Fifth, T βγ can be controlled by substitution. Various investigators attributed this βγ-change to an anomaly in the phonon 5, 19, 20 or electron 5 density of states DOS curves. 5 Attempts were made to supplement the Debye model by assuming either an additional Einstein mode 20 or a variation of the effective θ D : 1 for the latter case, it is often argued that, based on a typical phonon spectrum, θ D (T ) must decrease as the thermal energy is raised towards the first peak of the phonon spectrum.
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Two investigations deserve a special mention: First, Stewards et al.
9,10 attributed the βγ-change in Nb 3 Sn and V 3 Si to the inability of some acoustic phonons to decay through the creation of electron-quasiparticle pairs: the opening of the superconducting gap ∆ s leads to an 15 Lines are fits to Eq. 8 with parameters as given in Table  I . 
FIG. 4:
Isofield C/T versus T 2 curves of (a) La(Pt0.8Au0.2)2B2C at H=9 T while LaNi2B2C and YCo2B2 are at H=0 T, 13 (b) single crystal of LuNi2B2C at H=8 T, 14 (c) polycrystalline LuNi2B2C at H=9 T,
15 (e) single-crystal YNi2B2C at H c =12 T, and (f) polycrystalline LuNi2B2C at H=9 T. 13 Lines are fits to Eq. 8 with parameters as given in Table I. abrupt change in the lifetimes of phonons with energies less than 2∆ s (T ).
9, 22 The net results is that C L + C e would be modified. Second, Moore and Paul 19 as well as Leupold et al. 5 assumed that the βγ-deviation in group V transition metals is related to a Kohn-type anomaly in the phonon (or electron) spectra. They demonstrated that such a deviation can be satisfactorily reproduced if one represents the DOS of such an anomaly by a Dirac delta-function and calculates analytically the total specific heat.
Although these two approaches addressed adequately some features of the βγ-deviation, however serious questions are not fully addressed: e.g. (i) the origin of both T βγ and the strong and systematic correlation between β and γ, (ii) the identification of the role played by both the electron-phonon couplings and the dielectric properties of the investigated intermetallics, (iii) the observations that the βγ-change occurs in the absence of superconductivity (as in normal intermetallics) and that some superconductors, even with an established ∆ s (T ), do not show this βγ-change.
In this work, we present a systematic analysis of the above-mentioned anomalous thermal evolution of the specific heat (and resistivity) of various compounds. The dielectric properties of the compounds under study will be taken into consideration. The above-mentioned approaches of Stewards et al.
9,10 and Moore and Paul 19 will be partially modified, extended, and generalized. The obtained analytical expression for the total specific heat (electron plus phonon) is shown to reproduce satisfactorily the studied experimental curves. Isofield C/T versus T 2 curves of the normal-state of (a) Li2Pd3B at H = 5 T, (b) Li2(Pd0.5Pt0.5)3B at H = 3 T, and (c) Li2Pt3B at H = 3 T. 17 Lines are fits to Eq. 8 with parameters as given in Table I .
II. THEORETICAL BACKGROUND A. Lattice specific heat
An anomaly, such as a Kohn type, in the phonon DOS can be represented, as done in earlier investigations, 5, 19 by a Dirac delta function. Then
where N L = rN A is the number of total atoms, N A is the Avogadro number, and E L = k B θ L is the energy at which the Dirac-type anomaly is situated. a and b represent the fractional weights and are related by the normalization condition
where
The expression with b = 0 is the usual Debye contribution (for numerical calculation, this form is much better than the one given in solid-state text books). 5 Evidently, the introduction of that anomaly leads to both a Debye-type contribution with weight factor (1 − b) and an Einstein-type contribution with frequency ω L and weight factor b. The latter conclusion justifies the often-used practice of adding an Einstein contribution to the specific heat of such intermetallic systems.
20

B. Electronic specific heat
Along similar lines, a DOS curve of an electron subsystem with an additional Dirac delta function can be represented as
where N E = xN A is the total number of conduction electrons and E E = k B θ E denotes the position of the Diractype anomaly. c and d are fractional weights that are related by the normalization condition
This gives
As the electron number is independent of temperature, then the thermal rate of the chemical potential is
.T /6E F as T → 0. Using Sommerfeld expansion in the expression of the electronic energy and taking the derivative with respect to temperature, one obtains
η is a T -dependent correction factor, see Fig. 6 (c). Eq.6 is a sum of three contributions: the first is the usual Sommerfeld expression (d = 0) while the second and third terms are related to the Dirac delta function.
C. Total specific heat (Lattice plus electron)
From Eqs. 2 and 6, the total C/T versus T 2 can be presented in the familiar form
For T < θ D << θ F , θ E << θ F , and θ L < θ D , both linear Sommerfeld and cubic Debye approximation are obtained but with effective γ and β. Fig. 6(d) shows that, within this temperature range, the thermal evolution of η and ξ (consequently that of γ and β) leads to the experimentally observed two limiting behaviors. Analytically, the low-temperature (θ E , θ L > T βγ > T → 0) limit is
while the high-temperature (θ E , θ L > T > T βγ ) limit is
where X = θ F /2T . The thermal variation of γ (Eqs. 7, 9, 11) as compared to that of β (Eqs. 3, 10, 13) is extremely small: as a consequence the thermal variation of Eq. 8 is predominantly governed by that of β. This explains the reported success in analyzing the specific heats of group V transition metals in terms of C/T = γ low + β 0 ξT 2 .
5,19
Then the intensity and extent of slope break are related mainly to ξ (Eq. 3) (extremely weak dependence on θ E , N E , and d is expected). This conclusion allows us to define T βγ as the point of inflection in the ξ(T ) curve [see Eq. 3 and Fig. 6(a) ]. Then the solution of ∂ 2 ξ/∂T 2 =0 gives
These two calculated ratios of Table I ), then the calculated T The above arguments, in particular Fig. 6 , emphasize that, the slope break (whether smooth or sharp) is not a phase transition, rather it is a consequence of the thermal evolution of ξ (and, to a lesser extent, η): indeed no thermodynamic phase transition in borocarbides was reported in the extensively measured low-T magnetoresistivity, [24] [25] [26] [27] , thermopower 27 , thermal conductivity, 28 Hall, 29 and thermal expansion 30 properties.
D. The correlation of θD (β) and γ
A correlation between β and γ can be obtained if we consider the low-temperature specific heat of these intermetallics as being due to Sommerfeld-type electrons and longitudinal acoustic Debye-type phonons. As the total dielectric function (electrons plus ions) of these longitudinal modes must be zero, then the sound velocity, as k → 0, would be υ s = υ F m/3M, where υ F , m, and M denote, respectively, the Fermi velocity, the electronic mass, and ionic mass.
21 Inserting this υ s into θ D (as obtained from the Debye model) and replacing υ F by γ (as obtained from Sommerfeld model) one gets the correlation of γ and θ D :
where V m is the molar volume. For N E = N L (or x = r) and θ D as obtained from Table I , Eq. 16 gives γ cal having the same order of magnitude as the experimentally determined γ.
E. The T βγ -event as a resistivity drop
The T βγ -events in Nb, 5 Fig. 1 , and its Nb 1−x Y x (Y = Ti, W) alloys were confirmed by the manifestation of a resistivity drop, at the same T βγ .
31 Based on the abovementioned arguments, this drop can be interpreted along the following two lines: (i) The electronic concentration n in the neighborhood of T βγ varies as n 0 /η 3/2 (n 0 is the electronic concentration at d = 0). Then an increase in n below T βγ would lead to such a resistivity drop. (ii) The temperature-dependent resistivity is usually approximated by the Bloch-Grüneisen expression:
where ρ 0 is the temperature-independent contribution, λ is the electron-phonon coupling, and ω p is the Drude 5 θD = 275 K, θL = θE =33 K, and γ0 = 7.8 mJ/moleK 2 (see Table I ). For T < θD, the thermal variation of η is almost constant while ξ varies sharply above T βγ . Evidently the slope break at T βγ is due to the thermal variation of ξ.
(β0 and γ0 are T −independent).
III. ANALYSIS AND DISCUSSION
All the curves reported in Figs. 1-5 were least-squares analyzed with Eq. 8 assuming θ E = θ L and d = b: these reasonable simplifications would not influence any of the conclusions drawn from this analysis since, as mentioned above, the dominant thermal variation is due to that of ξ.
As can be observed in Figs. 1-5 , there is a satisfactory agreement between theory (solid lines) and experiment (symbol). The fit parameters are shown in Table I : comparison with the published values suggests that the obtained γ 0 is as expected but θ D is slightly different: this is attributed to the difference in the criterion for its determination. In addition, Table I shows that (i) b is extremely small as expected, (ii) γ 0 is correlated to θ D through Eq. 16, and (iii) the T βγ /θ L ratio is in accord with Eq. 15: in fact this ratio can be used to classify the studied compounds: those with T βγ /θ L ≈ 1 + 1/ √ 6 /5 (such as Nb 3 Sn, V 3 Si) have b < 0 and a negative curvature while all the other with T βγ /θ L ≈ 1 − 1/ √ 6 /5 have b > 0 and a positive curvature. Figure 1 shows that T βγ < T c for Nb, while T βγ > T c for Ta and V:
5 thus T βγ (or θ L ) is not strictly correlated with the pairing potential. Furthermore T βγ does not show any systematic correlation with the atomic weight: indeed a Kohn-type anomaly is not necessarily related to the atomic masses. Such a nonsystematic feature is evident also in the normal-state curves of the A15 members 10,33 Nb 3 Sn, V 3 Si, and Re 3 W (Fig. 2) . Figure 3 shows a βγ-change in MgCNi 3 (with T βγ > T c ) 12 as well as in NbSe 2 and Nb 0.8 Ta 0.2 Se 2 ( T βγ < T c ). 15 It is noted that a 20% Ta substitution leads to a decrease in T βγ . On the other hand, Fig. 4 indicates that b is reasonably strong for the RNi 2 B 2 C compounds indicative of a stronger anomalous contribution. Interestingly, the βγ-event is evident also in the nonsuperconductors LaNi 2 B 2 C and YCo 2 B 2 : b (also d) does not depend on the pairing potential. In addition, T βγ of RNi 2 B 2 C varies over a wider range, from 5 to 13 K even though Nonetheless, a similar βγ-change is evident in noncentro-symmetric superconductors such as Re 3 W (Fig  2(a) ), 8, 35 Li 2 (Pd 1−x Pt x ) 3 B (x=0, 0.5, 1) (Fig. 5) , 17, 36, 37 and Li x Rh 1.5 (x= 0.8, 1.0, 1.2). 18 The space groups of these unconventional superconductors have no inversion symmetry operator and as such there is a relatively strong ASOC interaction which has the effect of lifting the spin-degeneracy at the Fermi surface. [38] [39] [40] [41] Then, for, say, Li 2 (Pd 1−x Pt x ) 3 B, an increase in x is accompanied by an increase in the ASOC interaction, in the effectiveness of degeneracy lifting, and in T βγ : for lower ASOC, T βγ < T c while for higher ASOC, T βγ > T c .
Equations 12 and 14, each being related to an independent subsystem, suggest an absence of appreciable correlation between (obtained from the two linearized sections). This apparent inconsistency can be clarified if we note that (i) β low (Eq. 10) and γ low (Eq. 9) are equal to the experimentally determined ones and both are correlated by Eq. 16, (ii) β high (Eq. 13) is the same as the experimentally determined value but γ high (Eq. 11) is not the same as the experimentally determined value due to the involvement of ξ(T ): accordingly Eq. 16 can not be used to related the experimentally determined θ D,high and γ high .
It seems that for the cases where T βγ < T c , the zerofield superconducting state masks the T βγ -event, however, the latter can be recovered if the superconductivity is quenched with, say, H > H c2 . In general, the T βγ -event, if dominated by phonon contributions, is H−independent but can be influenced by substitution. 17 and Li x RhB 1.5 .
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Finally, an anomaly in the electron DOS, such as an opening of a pseudogap, would be coupled by a relatively strong electron-phonon interaction to the phonon excitations in the same way as was described above for the case of Nb 3 Sn:
10 Similarly, a phonon anomaly would be coupled to the electron excitations.
IV. CONCLUSIONS
Variety of compounds exhibit a βγ-change; some are conventional type-II superconductors, some are unconventional superconductors, while others are normal intermetallics. In cases where both superconductivity and βγ-anomalies are manifested, some compounds exhibit T βγ < T c while others T βγ > T c . The onset of βγ-change can be sharp or smooth depending on material properties however such an event is not related to a thermodynamic phase transition. The strength, character, and trend of this βγ-change vary widely, nonetheless, there is a systematic correlation between γ and β. Furthermore, this βγ-change can be influenced by perturbations such as ASOC interaction and substitution but hardly by a variation in N (E F ) or a magnetic field.
It was shown that this βγ-change is related to anomalies within the phonon or electron dispersion relation. Assuming a Dirac-type anomaly in the phonon and electron DOS curves, an analytical expression for the thermal evolution of the total specific heat of the electron and phonon quasiparticles was derived and was found to compare favorably with the studied experimental curves. The term expressing the lattice contribution can be interpreted either as a sum of a Debye and an Einstein mode or else as a Debye term with an effective T -dependent θ D . The overall features of the resulting C/T versus T 2 curve indicate (i) a manifestation of a break in the slope at T βγ = 0.2 1 ± 1/ √ 6 θ L , (ii) that the slope break is mostly determined by the phonon anomaly. The correlation between θ D and γ is traced down to the influence of the dielectric properties on the sound velocity of the low-temperature acoustic phonons. Finally, the drop in the resistivity curve at T βγ is shown to be caused by the same mechanism that gives rise to the slope break in the C/T versus T 2 curve.
